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This study investigates surface plasmon modes for periodic lattices of plasmonic hole waveguides. The
interface matching method is proposed to solve the apparently nonlinear eigenvalue problem, with the proper
use of the interface condition. It is shown that surface plasmon modes occur for both TE and TM polarizations,
and as the off-plane wave number increases, surface plasmon modes for the two polarizations begin to inter-
change their characteristics. The basic pictures of off-plane surface plasmon modes are explained on a unified
basis by examining different types of the interface conditions for TM and TE modes and employing variational
arguments based on the Rayleigh quotients for the wave equations. In particular, there exists a TM optical
branch which intersects the light line and eventually joins into the surface branches. These features are
illustrated by the evolution of surface plasmon mode patterns. For plasmonic hole waveguide structures, the
optical branch may exhibit negative group velocities over the whole branch, and the net power flow through the
unit cell along the waveguides is shown to direct in the opposite direction of the wave vector.
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I. INTRODUCTION

Surface plasmons are electromagnetic waves that propa-
gate along the surface of a metal with amplitudes exponen-
tially decaying away from the surface.1 These waves come
from collective excitations of electric charges in metals,
coupled with the electromagnetic fields.2 Owing to the field
confinement and enhancement, surface plasmons are being
explored in optical data storage,3,4 biosensing,5,6 light
generation,7,8 photonic circuit,9,10 solar cells,11,12 and so
forth. By the progress of nanofabrication technologies and
microscope measurement techniques,13,14 even more applica-
tions are proposed.

The properties of surface plasmons strongly depend on
the geometry of the metal structures. Particular modes asso-
ciated with surface plasmons were identified on planar sur-
faces and gratings,15 spherical surfaces,16,17 as well as on
cylindrical surfaces.18,19 Surface plasmons for two-
dimensional plasmonic crystals have also been investigated
in recent years.20–22 Once the electromagnetic waves propa-
gate along the off-plane direction, the two-dimensional plas-
monic crystals become a periodic lattice of plasmonic
waveguides �cf. Fig. 1�. On the one hand, surface plasmons
on cylindrical surfaces were known to play an important role
for light propagation in metallic waveguides.23 On the other
hand, in recent years, the issue of extraordinary optical trans-
mission through subwavelength hole arrays24 has aroused
many interests. The transmission characteristics are influ-
enced by the presence of propagating or waveguide modes
inside the apertures,25,26 as well as by the effect of plasmonic
dispersion relation.27 This motivates the extension of the pre-
vious studies on surface plasmons in plasmonic structures22

to those in periodic lattices of plasmonic waveguides.
The most distinguished feature of surface plasmons in pe-

riodic structures is a large number of branches of modes
intensively gathering around the surface plasma frequency
�sp. This highly resonant phenomenon comes from strong
photon-electron coupling in the metal, and for the in-plane
case �where the wave vector lying in the plane formed by the

lattice vectors�, surface plasmon modes occur only for trans-
verse electric �TE� polarization. This is because for trans-
verse magnetic �TM� polarization, the electric fields are al-
ways tangential to the metal surface, and therefore no surface
charges exist to support surface plasmons, while for TE po-
larization, the electric fields possess discontinuous normal
components across the interface, giving rise to surface
charges for sustaining surface plasma oscillations. For peri-
odic lattices of plasmonic waveguides, surface plasmon char-
acteristics begin to change due to the appearance of the off-
plane wave number k� �cf. Fig. 1�. For this off-plane
problem, both TM and TE modes have the electric field com-
ponents normal to the metal surface �depending on k��, and
therefore surface plasmons are feasible in both polarizations.

It has been difficult to solve surface plasmon modes for
structures made of dispersive materials due to the nonlinear
nature of the underlying eigenvalue problem28 and the highly
localized feature of surface plasmons at the interface. In pre-
vious papers,22,29 the interfacial operator approach was de-
veloped to circumvent this difficulty and to resolve the in-
plane surface plasmon modes for plasmonic crystals. This
approach has also been applied to investigate surface modes
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FIG. 1. �Color online� Schematic diagram for a periodic lattice
of plasmonic hole waveguides with square cross section. The in-
plane and off-plane wave numbers, k� and k�, respectively, and the
unit cell are shown on the right side, where s is the side length of
the waveguide and a is the lattice constant.

PHYSICAL REVIEW B 77, 045409 �2008�

1098-0121/2008/77�4�/045409�12� ©2008 The American Physical Society045409-1

http://dx.doi.org/10.1103/PhysRevB.77.045409


for polaritonic crystals30 and negative index crystals.31 In the
present study, the interface matching method is proposed to
be applicable to the off-plane surface plasmon modes for
periodic lattices of plasmonic waveguides. The basic idea is
to separately deal with the wave equations in the strict in-
sides of the dielectric and the plasmonic materials and prop-
erly incorporate the interface condition to connect the two
different equations. For TE modes, the underlying problem is
reformulated as a generalized linear eigensystem, while for
TM modes, a quadratic characteristic equation is obtained
and further reduced to a generalized linear eigensystem of
double size. Both of the eigensystems are then solved by
standard eigenvalue solvers.

Surface plasmon modes on plasmonic waveguides consti-
tute the fundamental bases for propagation of the electro-
magnetic fields along the waveguide structures. It is shown
that for periodic lattices of plasmonic waveguides, surface
plasmon modes occur for both TE and TM polarizations,
owing to the appearance of the off-plane wave number k�. As
k� increases, surface plasmon modes for the two polarizations
begin to interchange their characteristics. These features are
characterized by the off-plane frequency branches of disper-
sion relations and illustrated by the evolution of surface plas-
mon mode patterns. For TM polarization, a particular optical
branch appears for plasmonic hole waveguides, which is
analogous to that in metal film structures. As the unit cell
contains enough portion of plasmonic materials, the cutoff
frequency of this optical branch will be significantly higher
than the surface plasma frequency �sp and the optical branch
may exhibit substantial negative group velocities. This re-
verse nature is further demonstrated by the net power flow
through the unit cell along the plasmonic waveguides.

In light of the spirit of the interface matching method, the
basic pictures of surface plasmon modes for periodic lattices
of plasmonic waveguides are explained on a unified basis by
examining different types of the interface conditions and
their relations with the surface charges for TM and TE
modes. With the help of variational arguments based on the
Rayleigh quotients for the wave equations, the highly degen-
erate nature of off-plane surface plasmon modes is also re-
vealed.

II. INTERFACE MATCHING METHOD

The time-harmonic electromagnetic vector wave equa-
tions for an inhomogeneous, isotropic, and nonmagnetic me-
dium are written as32

1

�
� � � � E = ��

c
�2

E , �1�

� �
1

�
� � H = ��

c
�2

H . �2�

For waves propagating along the cylindrical waveguide, for
example, in the z direction with eik�z dependence �cf. Fig. 1�,
the wave equations can be expressed �see the Appendix for
detail� solely in terms of the off-plane �or parallel� compo-
nents E� and H�, respectively, for TM and TE modes,

�� · � �

�2��E�� + �E� = 0, �3�

�� · � 1

�2��H�� + H� = 0, �4�

where

�2 = ��/c�2� − k�
2, �5�

�� = �− ẑ�/�z . �6�

Here, TM is referred to the modes without parallel magnetic
field �H� =0�, and TE to the modes without parallel electric
field �E� =0�. The in-plane �or transverse� field components
E� and H� are then related to E� through

E� =
ik�

�2 ��E� , �7�

H� =
i���0

�2 ẑ � ��E� , �8�

for TM modes, or related to H� through

E� = −
i��0

�2 ẑ � ��H� , �9�

H� =
ik�

�2 ��H� , �10�

for TE modes. In Eqs. �7�–�10�, the time dependence e−i�t

has been used.
For periodic lattices of waveguide structures, it is suffi-

cient to solve Eqs. �3� and �4� in a unit cell, along with the
Bloch conditions applied at the cell boundary,

E��r + ai� = eik�·aiE��r� , �11�

H��r + ai� = eik�·aiH��r� , �12�

where k� is the in-plane �or Bloch� wave vector �cf. Fig. 1�
and ai�i=1,2� are the lattice translation vectors. In the metal
region, the free-electron model

���� = 1 −
�p

2

�2 �13�

is used for the dielectric function. Regarding k� and k� as
parameters, Eq. �3� for E� together with the boundary condi-
tion �11� or Eq. �4� for H� with the condition �12� specifies an
eigenvalue problem

L���� = 0, �14�

where ���2 /c2 is the eigenvalue and � is the eigenfunc-
tion, which is either E� or H�. Equation �14� does not have a
standard format �such as L�=��� since the eigenvalue �
appears itself in the differential operator L���. If Eq. �14� is
solved by discretization in a straightforward manner, for ex-
ample, by a finite-difference scheme, one will obtain a non-
linear eigensystem
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A���x = 0, �15�

where x is the eigenvector consisting of all discrete values of
� and A is the matrix system, which is nonlinear in �. Equa-
tion �15� belongs to one type of nonlinear eigenvalue
problem28 that cannot be solved by standard eigenvalue solv-
ers.

However, if the dielectric function ���� has some analyti-
cal forms, the original nonlinear eigenvalue problem can be
reformulated as a linear eigensystem and solved directly by
standard eigenvalue solvers. The basic idea is first to deal
with the eigensystems �Eqs. �3� and �4�� separately in the
strict insides of the dielectric and the metal, so that the di-
electric function � can be moved out of the differential op-
erator in either region. In the strict inside of the dielectric,
Eqs. �3� and �4� become

1

�d
�− ��

2 + k�
2�E� = �E� , �16�

1

�d
�− ��

2 + k�
2�H� = �H� , �17�

where �d is the dielectric constant of the dielectric material.
In the strict inside of the metal, we have, after rearrange-
ments,

�− ��
2 + k�

2 + �p�E� = �E� , �18�

�− ��
2 + k�

2 + �p�H� = �H� , �19�

where the free-electron model �Eq. �13�� has been used, with
�p��p

2 /c2. Equations �16� and �18� for E� and Eqs. �17� and
�19� for H� in two different regions are then connected, re-
spectively, by the interface conditions

	 �

�� − k�
2

�E�

�n



S

= 0, �20�

	 1

�� − k�
2

�H�

�n



S

= 0, �21�

where �¯�S is the discontinuity across the interface S be-
tween the dielectric and the metal and � /�n denotes the de-
rivative in the direction normal to the interface. The interface
conditions �20� and �21� are obtained by integrating both
sides of the eigensystem �Eqs. �3� and �4�� over a thin box
located on the interface and taking the limit as the box height
goes to zero. Denoting 	 and � the dielectric and the metal
sides, respectively, of the interface, Eqs. �20� and �21� are
written as

� ��d

��d − k�
2

�E�

�n
�

+

= � � − �p

� − �p − k�
2

�E�

�n
�

−

, �22�

� 1

��d − k�
2

�H�

�n
�

+

= � 1

� − �p − k�
2

�H�

�n
�

−

. �23�

The next step is to reformulate Eqs. �22� and �23� as charac-
teristic equations of the eigensystem. Figure 2 shows a sche-

matic diagram of the unit cell for a periodic lattice of plas-
monic waveguides. According to the geometric position of
the interface between the dielectric and the metal, there are
eight types of interface points. Four of them appear at sides
�right, left, top, and bottom, denoted by �1�, �2�, �3�, and �4�,
respectively�, and the other four appear at corners �top right,
top left, bottom right, and bottom left, denoted by �5�, �6�,
�7�, and �8�, respectively�.

A. Transverse magnetic modes

Let �i , j� denote the interface point, for example, of the
type �1�. Using one-sided difference to discretize the inter-
face condition �22� for E� in either region of the dielectric
and the metal, one obtains a quadratic equation

�2Ii,j
�2� − �Ii,j

�1� − Ii,j
�0� = 0, �24�

where

Ii,j
�2� = �d�− Ei−1,j + 2Ei,j − Ei+1,j� ,

Ii,j
�1� = − ��d�p + �dk�

2�Ei−1,j + �2�d�p + ��d + 1�k�
2�Ei,j

− ��d�p + k�
2�Ei+1,j ,

Ii,j
�0� = k�

2�p�− Ei,j + Ei+1,j� .

For clarity, the subscript in E� has been omitted. Expressions
of the interface conditions for types �2�–�8� can also be ob-
tained in a similar way.

In the strict insides of the dielectric and the metal, central
finite difference is used to discretize Eqs. �16� and �18�. At
an interior point �i , j�, they are written as

�2Ei,j − �	 1

�d
�Li,j + k�

2Ei,j�
 = 0, �25�

�2Ei,j − ��Li,j + ��p + k�
2�Ei,j� = 0, �26�

where

(2) (1)

(4)

(3)

(8) (7)

(6) (5)

Metal

Dielectric

FIG. 2. �Color online� Schematic diagram of the unit cell for a
periodic lattice of plasmonic waveguides. The shaded area corre-
sponds to the metal region. Eight types of interface points are de-
noted by �1�–�8�.
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Li,j =
1

h2 �− Ei−1,j − Ei,j−1 + 4Ei,j − Ei+1,j − Ei,j+1� ,

with h being the spacing of discretization. Equation �24� for
the interface and Eqs. �25� and �26� for the strict insides are
then combined together to give a matrix system

��2B − �A − C�x = 0, �27�

where x is the eigenvector consisting of all values of Ei,j and
B, A, and C are square matrices. Unlike Eq. �15�, the entries
of B, A, and C are now independent of the eigenvalue �.
Introducing an auxiliary vector y=�x, Eq. �28� is recast into
the following form:

	 0 I

C A

	x

y

 = �	I 0

0 B

	x

y

 . �28�

This is a generalized eigensystem A�x�=�B�x�, which can
be solved by standard eigenvalue solvers at the expense of
doubling the matrix size.

B. Transverse electric modes

Likewise, discretization of Eq. �23� for H� at an interface
point �i , j� of the type �1� gives a linear equation

− ��p + k�
2�Hi−1,j + ��p + 2k�

2�Hi,j − k�
2Hi+1,j

= ��− Hi−1,j + �1 + �d�Hi,j − �dHi+1,j� . �29�

The subscript in H� has also been omitted for clarity. Expres-
sions of the interface conditions for types �2�–�8� can be
obtained in a similar way. In the strict insides of the dielec-
tric and the metal, central finite differences of Eqs. �17� and
�19� for an interior point �i , j� give, respectively,

1

�d
�Mi,j + k�

2Hi,j� = �Hi,j , �30�

Mi,j + ��p + k�
2�Hi,j = �Hi,j , �31�

where

Mi,j =
1

h2 �− Hi−1,j − Hi,j−1 + 4Hi,j − Hi+1,j − Hi,j+1� .

Combining Eqs. �29�–�31�, one obtains a generalized eigen-
system

Ax = �Bx , �32�

where x is the eigenvector consisting of all values of Hi,j and
A and B are square matrices independent of the eigenvalue
�. This equation can be solved by standard eigenvalue solv-
ers.

C. Interface condition

The crucial step of the present approach is the proper
incorporation of the interface conditions into the wave equa-
tions. In fact, the interface condition comes from degradation
of the wave equation at the boundary between two different
media. In the continuous sense, the function of interface con-

dition is already implied in the wave equation, and it is not
necessary to include this condition explicitly. However, dis-
cretization of the wave equation across the interface may
give rise to inaccurate and unstable results. This is due to the
nondifferentiability of the solution of surface plasmon modes
at the interface and is more severe for plasmonic structures
where the dielectric function becomes negative. In fact, this
is the typical feature of surface plasmon modes that needs to
be resolved.

Explicit use of the interface condition comes to circum-
vent this difficulty. This not only serves as a means to solve
surface plasmon modes but also provides a different perspec-
tive to examine properties of these modes. It is known that
for in-plane problems �k� =0�, only TE modes sustain surface
plasmons. However, the wave equations for TE and TM
modes in the strict inside of either the metal or the dielectric
region are the same �cf. Eqs. �16� and �17� or �18� and �19��,
while the only difference is the interface condition �cf. Eqs.
�20� and �21�� between the two regions. In this regard, the
type of interface condition is essential to account for the
existence of surface plasmons, and the proper use of this
condition may reveal the physical picture of surface plasmon
modes.

For off-plane problems, both TE and TM modes sustain
surface plasmons �as will be shown in the next section�, de-
pending on the off-plane wave number k�. This is also mani-
fested on the interface conditions �20� and �21� for k��0.
Besides, surface plasmon modes for TE and TM polariza-
tions gradually interchange their characteristics as k� in-
creases. At the two extremes, k� =0 and k� =
, the interface
conditions have very opposite natures as k�

2 appears in their
denominators. This point will be discussed in detail in the
next section.

III. RESULTS AND DISCUSSION

The present study investigates surface plasmon modes for
periodic lattices of plasmonic hole waveguides. For periodic
structures made of plasmonic materials, there are basically
two coupling or dispersion mechanisms responsible for the
properties of surface plasmon modes. The first one is the
material dispersion due to the electron motion in the metal.
This is considered by using the free-electron model �Eq.
�13�� for the dielectric function ����. The second one is the
structure dispersion due to the periodic scattering by the lat-
tice. This is taken into account by applying the Bloch condi-
tions �11� and �12�. The interplay of the two distinct disper-
sions gives rise to special properties of surface plasmon
modes pertaining to periodic structures, in particular, for
plasmonic waveguides. This is resolved by employing the
interface matching method proposed in the previous section.
In all subsequent results, the bulk plasma frequency �p in the
free-electron model �Eq. �13�� is given as �pa /2�c=1. Un-
less otherwise specified, the dielectric material filled inside
the hole has the dielectric constant �d=1.

A. Surface plasmon modes

For periodic structures, surface plasmon modes are eigen-
modes associated with surface plasmons. These modes con-
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stitute the fundamental bases for propagation of the electro-
magnetic fields along plasmonic waveguides. The important
features of surface plasmon modes are characterized by the
off-plane dispersion relations, in which the eigenfrequencies
vary with the in-plane and off-plane wave vectors, where
variations of the electromagnetic fields in time and in space
are correlated.

1. Dispersion relation

Figure 3 shows the off-plane dispersion relations for a
periodic lattice �at the point �, k�= �0,0�� of plasmonic hole
waveguides with square cross section of side length s /a
=0.4. It is shown that a large number of branches of surface
plasmon modes �in green color� appear for TE polarization at
k� =0. They intensively gather around the surface plasma fre-
quency �sp given by

�sp =
�p

�1 + �d

, �33�

which is the same frequency as for planar surfaces.15 No
branches of surface plasmon modes are observed for TM
polarization at k� =0. This is consistent with the results of
in-plane surface plasmon modes for plasmonic crystals.22 For
TE polarization, the electric fields lie completely in the trans-
verse plane, and normal electric field components �to the
metal surface� give rise to strong surface charges, which are
the source of surface plasmons. However, as the off-plane
wave number k� increases from zero, the electric fields turn
aside from the normal to tangential direction. The frequen-
cies of surface plasmon modes begin to deviate from �sp to
higher values. As k� continue to increase, normal electric
field components become even smaller, and the TE branches
gradually lose their surface nature. For larger k�, these
branches of modes become parallel to the light line ��
=k�c�. In the large k� limit, normal components of the electric
fields vanish and these modes grow into bulk modes.

Meanwhile, it is shown in Fig. 3 that a large number of
branches of TM modes �in blue color� emerge from �=0 at
k� =0 �same as the in-plane static mode�. Their frequencies
increase with k� and mostly remain below the surface plasma
frequency �sp. In the large k� limit, they develop into surface
modes with frequencies approaching �sp. By the presence of
off-plane propagation, the electric fields for TM modes are
no longer kept parallel to the metal surface. Normal compo-
nents of the electric fields give rise to surface charges, and
therefore surface plasmons begin to appear. Basically, these
surface branches share the common features of those in
semi-infinite metal,15 metal films,33 one-dimensional plas-
monic crystals,22 and metallic coaxial waveguides.34 For
semi-infinite metal, there is only one surface branch, while
for metal films, one-dimensional plasmonic crystals, and me-
tallic coaxial waveguides, two surface branches were ob-
served. In the present problem, there are a large number of
surface branches that constitute a surface frequency bunch.
The number of branches in this bunch is expected to be in-
finite for the periodic structure with infinite extent may lead
to infinite degeneracy of the corresponding surface modes. In
the continuous sense, these branches form a frequency band
in the frequency-wave number space.

It is noted that for sufficiently large k�, the off-plane sur-
face plasmon modes vary very little with the in-plane wave
vector k�. They are nearly degenerate since oscillations in
the nearby waveguides become decoupled. Besides, retarda-
tion effects introduced through coupling of the transverse
fields are now unimportant. This is because these surface
branches are far from the light line at large k�, that is, � /k�


c in both the dielectric and the metal. The ratio of the
distance over which electric charges are transferred to the
time required for such a transport with velocities of the elec-
tromagnetic waves is much smaller than the speed of light in
either region.33 Accordingly, the electrostatic theory35 is ad-
equate for describing this nonretarded phenomenon. The
other branches of TM modes are located at the other side �the
upper left� of the light line. They are bulk in nature and
appear with anticrossing interaction to those TM surface
branches �with respect to the light line�.

2. Optical branch

In Fig. 3, there exists a crossing scheme between the TM
optical branch and the light line. This branch begins with a
cutoff frequency at k� =0, intersects the light line at an inter-
mediate value of k�, and approaches the TM surface
branches. Eventually, this branch develops into a typical sur-
face plasmon mode and joins the bunch of surface branches
from above in the large k� limit. The nonretarded property of
surface plasmon branches at large k� �addressed in the previ-
ous paragraph� also applies to this particular optical branch.

For �d=1, the light line ��=k�c� is also a solution to the
dispersion relations for both TM and TE modes �at the point
�, k�= �0,0��. The mode structures have the same typical
feature of static modes ��=0� for the in-plane case �k� =0�,
where the field is constant over the dielectric region and
decaying in the metal.22 For the off-plane case �k��0�, the
same type of solution appears as �=k�c is satisfied. In this
situation, Eqs. �16�–�19� lead to solutions with the same form

0 0.5 1 1.5 2 2.5 3
0

0.5

1

1.5

TM modes
TE modes

ωsp

Off-plane wave number (k||a/2π)

F
re

qu
en

cy
(ω

a/
2π

c)

0 0.5 1 1.5 2 2.5 3
0

0.5

1

1.5

Light line

FIG. 3. �Color online� Off-plane dispersion relations for a peri-
odic lattice �at the point �, k�= �0,0�� of plasmonic hole
waveguides with square cross section of side length s /a=0.4. The
inset shows four �2�2� unit cells of the structures.
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of static modes in the in-plane case �with the corresponding
mode structure shown in Fig. 5�c� in the next paragraph�.
However, for �d�1, such solutions do not exist. Figure 4
shows the dispersion relations for the same waveguide struc-
ture in Fig. 3, with the dielectric material filled in the hole
having �d=1.1. In this case, the TM optical branch no longer
intersects the light line but interacts with an anticrossing
manner.

To illustrate the evolution of surface plasmon modes on
the TM optical branch �for �d=1�, Fig. 5 shows the mode
patterns �E� in magnitude� at the marked positions in Fig. 3,
where k�a /2�=0, 0.5, 0.8, 1, 1.5, and 3. All the field ampli-
tudes have been normalized to have the maximum of unity,
that is, 
E�
max=1. Figure 5�a� corresponds to the in-plane
cutoff frequency �a /2�c=0.844, where the field spreads
over the whole region including the hole and the metal. As k�

increases, the field gradually concentrates on the hole �cf.
Fig. 5�b��. At the intersecting point �with the light line�, the
field is uniform in the hole area and decays in the metal, as
shown in Fig. 5�c�. For larger k�, the field decays in both the
hole and metal regions �cf. Fig. 5�d�� and becomes evanes-
cent �cf. Fig. 5�e��. At sufficiently large k�, the field almost
vanishes except near the interface and the field pattern of E�

shows a very sharp profile at the interface �cf. Fig. 5�f��. This
is the most distinguished feature of surface plasmon modes,
and in the present approach it only takes a few grid points to
resolve this feature. Note that the present results share simi-
lar features of surface plasmon modes in plasmonic
crystals,22 surface phonon modes in polaritonic crystals,30 as
well as magnetic surface plasmon modes in negative index
crystals.31

3. Negative group velocity

It is noted that the optical branch in Fig. 3 exhibits nega-
tive slopes over the whole branch, which leads to negative
group velocities in the off-plane direction, that is, �vg��

=�� /�k� �0. Negative group velocity has been found in
metal film structures33 and serves as a photonic approach to

making a material with a negative index of refraction.36

More recently, all-angle negative refraction based on surface
plasmon waves has also been demonstrated.37 Negative
group velocity also indicates that power flow of the electro-
magnetic field is opposite to the phase velocity along the
waveguides.38 In the present problem, this fact can be under-
stood from the parallel component of the time-averaged
Poynting vector �for TM modes�,

�S�� =
1

2
Re�E� � H�

* · z� =
k����0

2�4 
��E�
2, �34�

where Eqs. �7� and �8� for E� and H�, respectively, have
been used. Since �4�0, �S�� always has the same sign as k�

in the dielectric region, while in the metal region, the direc-
tion of �S�� depends on the frequency. For ���p, ��0 and
�S�� is antiparallel to k�. It is then possible that the net time-
averaged power flow through �and normal to� the unit cell
along the waveguides, �P��=�cell�S��da, may direct in the op-
posite direction of k�. This can be attained if the unit cell of
the waveguide arrays contains sufficiently large portion of
the metal, and therefore more power flows in the metal re-
gion than in the dielectric. For this reason, the hole wave-
guide structures are more likely to achieve this phenomenon.

To illustrate the reverse direction of the net power flow,
Fig. 6 shows the vector plots of the electric field, magnetic
field, and Poynting vectors at k�a /2�=0.5 for a periodic lat-
tice �at the point M, k�a /2�= �0.5,05�� of plasmonic hole
waveguides with square cross section of side length s /a
=0.4 for TM modes, where �a /2�c=0.845. The upper and
lower graphs correspond to real and imaginary parts, respec-
tively. It is shown that the real parts of electric fields �Fig.
6�a�� point in the same direction along the waveguide in the
whole region, while the imaginary parts orient radially in the
transverse plane but with opposite directions in the metal and
the dielectric. For the magnetic fields �Fig. 6�b��, only trans-
verse components remain �H� =0 for TM modes�. They are
purely imaginary and circulating around the cell center. It
follows that the parallel component of the time-averaged
Poynting vectors �S�� �upper graph of Fig. 6�c�� direct up-
ward in the dielectric and downward in the metal.

The net power flow through the unit cell along the plas-
monic waveguides can further be characterized by the energy
velocity, �ve�� = �P�� / �U�, where �U�=�cell�u�da is the total
time-averaged field energy over the unit cell per unit length
of the waveguide and u is the field energy density, which for
dispersive materials39

u =
1

2
�0 Re	d����

d�


E
2 +

1

2
�0 Re	d����

d�


H
2. �35�

Based on the free-electron model �Eq. �13��, the time-
averaged field energy density is then given by

�u� =
1

4
�0�1 +

�p
2

�2�
E
2 +
1

4
�0
H
2. �36�

In Fig. 6�c�, the distribution of �u� is shown on the lower
graph. Integrating �S�� and �u� over the unit cell, the energy
velocity is calculated to give �ve�� = �−12.1 /66.6�c=−0.182c.
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FIG. 4. �Color online� Off-plane dispersion relations for a peri-
odic lattice �at the point �, k�= �0,0�� of plasmonic hole
waveguides with square cross section of side length s /a=0.4. The
dielectric material filled in the hole has �d=1.1.
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This value is consistent with the slope of dispersion relation
at the corresponding point �k�a /2�=0.5�: �vg�� =�� /�k� =
−0.186c. As is well known, the group velocity in periodic
structures is equal to the average energy velocity over the
unit cell.40,41

It is noted that the group velocity being antiparallel to the
phase velocity may correspond to two different cases. As-
sume that the plasmonic structure has an effective refractive
index n, which is a function of frequency �. The phase ve-
locity vp is

vp =
�

k
=

c

n
, �37�

and the group velocity vg is given as

vg =
��

�k
=

c

n + �
dn

d�

. �38�

The group velocity is then related to the phase velocity by

vg =
vp

�
, � = 1 +

�

n

dn

d�
. �39�

If ��0, vg and vp have opposite signs. This can be attained
when either �1� vg�0 and vp�0 or �2� vg�0 and vp�0. In
case �1�, the group velocity has a negative value, indicating
that the pulse propagates in the backward direction within
the medium. This phenomenon has been concluded

(c)

(b)

(a) (d)

(e)

(f)

FIG. 5. �Color online� TM mode structures �E� in magnitude� for a periodic lattice �at the point �, k�= �0,0�� of plasmonic hole
waveguides with square cross section of side length s /a=0.4, where k�a /2� are �a� 0, �b� 0.5, �c� 0.8, �d� 1, �e� 1.5, and �f� 3.
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physical42 and the backward pulse propagation was observed
in the recent experiment.43 Referring to Eq. �38�, vg�0 oc-
curs in the medium with anomalous dispersion such that n
+�

dn
d� �0. If the effective refractive index decreases rapidly

enough with frequency in a certain range, the group velocity
vg can be negative.

On the other hand, in case �2�, the phase velocity has a
negative value, which means that the pulse still propagates
away from the source, while the phase fronts run backward.
This will happen in media where the effective refractive in-
dex n�0 in some frequency range and has been observed in
left-handed metamaterials.44 It is therefore feasible that the
negative slope of dispersion curve corresponds to a negative
phase velocity but with a positive group velocity.45 A general
condition for the phase velocity being oppositely directed to
the power flow has been derived,46 in which the dissipative
loss was taken into account. Since the power flow is always
in the direction of exponential decrease of the field ampli-
tudes in a passive medium as required by causality,46 proper
implementation of losses47 would help clarify distinction be-
tween the two different cases originated from the negative
slope of dispersion curve.

4. Cutoff behavior

It is also noted that in Fig. 3, the optical branch has a
significant portion above �and to the left of� the light line
with phase velocity larger than the velocity of light. In metal
film structures, the corresponding modes acquire a radiative
nature33 and the externally incident light from air can there-
fore couple to this band if the metal region has finite
thickness.48 For periodic lattices of plasmonic waveguides,
these properties are still applicable. In addition, this optical
branch has a cutoff �at k� =0� which is similar to the role of
the cutoff frequency �c for the waveguide. It is known that
�c for a perfectly conducting hole waveguide with radius r is
given as49

�c =
p11� c

r��d

, �40�

where p11� �1.841 is the first root of Jm� �pmn� �=0 for m=1 and
�d is the dielectric constant of the dielectric material inside
the hole. The cutoff frequency is inversely proportional to
the hole size. This reflects the fact that electromagnetic fields
are completely expelled from perfectly conducting materials.
For a plasmonic waveguide, the relation between the cutoff
frequency and the hole size was substantially altered. The
cutoff frequency �c is implicitly determined by the following
equation:18,27

1

kd

J1��kdr�
J1�kdr�

−
1

km

H1
�1���kmr�

H1
�1��kmr�

= 0, �41�

where kd= ��c /c���d, km= ��c /c���m, and �m is the dielectric
constant of the metal. It has been shown that for smaller
holes, �c is greatly reduced, while for larger holes, �c is
slightly affected.27 In short, �c is less sensitive to the change
of the size for a plasmonic waveguide than a perfectly con-
ducting one. This is due to the partial �though very little�
penetration of the electromagnetic fields into the metal.

For periodic lattices of plasmonic waveguides, coupling
between nearby waveguides may further modify the cutoff
behavior. Nevertheless, the qualitative trend of the cutoff fre-

(c)

(b)

(a)

FIG. 6. �Color online� Vector plots of �a� real and imaginary
parts of E, �b� real and imaginary parts of H, and �c� �S�� and �u� at
k�a /2�=0.5 for a periodic lattice �at the point M, k�a /2�
= �0.5,05�� of plasmonic hole waveguides with square cross section
of side length s /a=0.4 for TM modes, where �a /2�c=0.845 and
the energy velocity �ve�� =−0.182c.
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quency of the optical branch for plasmonic waveguide arrays
is similar to that for single plasmonic waveguides. Figure 7
shows the cutoff frequency of the TM optical branch for a
periodic lattice of plasmonic hole waveguides with circular
cross section. The cutoff frequencies for a single perfectly
conducting waveguide and a single plasmonic waveguide are
also shown for comparison. In the moderate to large hole
region �up to r /a=0.5 where the holes contact with each
other�, the cutoff frequency decreases more rapidly with in-
creasing the radius r, while in the small hole region, �c
comes close to the bulk plasma frequency �p and becomes
saturated as the radius is small enough. This trend is in
agreement with the similar behavior on metal film structures,
where an analytic expression for the cutoff frequency can be
obtained.33 For sufficiently small holes, most parts of the unit
cell consist of plasmonic materials, and the cutoff frequency
of the optical branch approaches �p.

On the other hand, if the metal portion is reduced, the
cutoff frequency of the optical branch is decreased and may
even lie below the surface plasma frequency �sp. For a mod-
erate size of hole, �c can therefore be very close to �sp.
Figure 8 shows that for the hole size s /a=0.54, the whole
optical branch is nearly flat with very slow group
velocities.50,51 This is an important attribute that can be used
to design very high-Q cavities of nanoscale,52 and enhance
the nonlinear effect for reducing the required operational
power in photonic devices.53 In addition, the dispersionless
�that is, independent of k�� band indicates omnidirectional
resonance, where the resonance occurs approximately at the
same frequency for all incident angles.54

5. Effect of loss

In real systems, the loss due to intrinsic damping of met-
als has to be considered, in particular, in the optical range.
The effect of loss may cause the dispersion curve to bend
back toward the light line instead of increasing asymptoti-
cally to the surface plasmon energy at infinite momentum.55

This phenomenon has been explained in the measurement

results by the use of Fresnel’s equations.56 If the energy is
fixed and the incident angle varied, backbending will occur.
On the other hand, if the incident angle is fixed and the
energy varied, asymptotic behavior will appear.56 Further, if
k� is considered complex and � real, the dispersive curves
bend back toward smaller k� as � approaches �sp, while if �
is considered complex and k� real, k� becomes infinite as �
approaches �sp.

57

In the present study, the off-plane wave number k� is
given as a parameter with real value and the eigenfrequency
� is obtained by solving a complex eigenvalue problem. The
dispersion properties in the presence of loss in this study
would therefore be referred to the latter case mentioned
above. However, if, on the other hand, � is given in real
value and k� is solved in complex number, the dispersion
curves of surface branches no longer asymptotically ap-
proach the surface plasma frequency �sp, as shown in Fig. 3.
In this situation, the crossing of the optical branch with the
light line �cf. Fig. 4� might also be avoided, even in the case
of �d=1 for the surrounding dielectric medium. Furthermore,
the omnidirectional resonance and very slow group velocities
�cf. Fig. 8� based on the asymptotic behavior at large k� do
not hold in real systems.

B. Interface condition and Rayleigh quotient

The evanescent nature of surface plasmon modes can be
identified by the discontinuity of the field slope across the
interface, which is implied in the interface condition. For the
in-plane case �k� =0�, the interface conditions �20� and �21�
for TM and TE modes, respectively, are written as

	 �E�

�n



S
= 0, �42�

	1

�

�H�

�n



S
= 0. �43�

For TM modes, the E� field slope across the interface is con-
tinuous �cf. Eq. �42��, which indicates that no surface plas-
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FIG. 7. �Color online� Cutoff frequencies of the TM optical
branch for a periodic lattice �at the point �, k�= �0,0�� of plas-
monic hole waveguides with circular cross section.
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FIG. 8. �Color online� Off-plane dispersion relations for a peri-
odic lattice �at the point �, k�= �0,0�� of plasmonic hole
waveguides with square cross section of side length s /a=0.54.
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mons exist for this polarization, while for TE modes, 1 /�
appears in the interface condition �43�, accounting for the
discontinuity of the H� field slope across the interface.

On the other hand, in the off-plane case �k��0�, the in-
terface conditions become

	 �

�� − k�
2

�E�

�n



S

= 0, �44�

	 1

�� − k�
2

�H�

�n



S

= 0, �45�

for TM and TE modes, respectively. Appearance of k� in Eqs.
�44� and �45� gradually changes the feature of surface plas-
mon modes. Note that �E� /�n across the interface is no
longer continuous and surface plasmons for TM modes are
thus feasible. Besides, as k� increases, the interface condi-
tions for TM and TE modes begin to reverse their natures. In
Eq. �44�, the role of � in the numerator becomes more domi-
nant for larger k�, for the denominator tends to be equal on
both sides of the interface. In the large k� limit, Eq. �44� acts
like ���E� /�n�S=0 and the discontinuity of the E� field slope
is taken upon by �, the signs of which being opposite on both
sides of the interface. This is exactly how surface plasmon
modes behave at the interface, thus also validating the exis-
tence of surface plasmon modes for TM polarization in the
off-plane case. In fact, the basic features of surface plasmon
modes for TM polarization in the off-plane case resemble
those for TE polarization in the in-plane case, which have
been addressed in Fig. 5. In the meanwhile, �H� /�n in Eq.
�45� tends to be continuous as k� increases to larger values.
As a result, discontinuity of the H� field slope is smeared out
for sufficiently large k�, and surface plasmon modes for TE
polarization gradually grow into bulk modes.

It is also noticed that there are a large number of surface
plasmon modes gathering around �sp for TM polarization at
sufficiently large k�, as those for TE polarization at k� =0.
This high degenerate phenomenon can be explained with the
help of the Rayleigh quotient. For a standard eigensystem
L�=��, the Rayleigh quotient is defined as

R� =
��,L��
��,��

, �46�

where �f ,g�=�Vcell
f*gd� is the inner product of f and g over

the unit cell Vcell with the asterisk symbol denoting the com-
plex conjugate. It is known that the eigenvalue � corre-
sponds to the minimization of the Rayleigh quotient R� un-
der the constraint that the corresponding eigenfunction � be
orthogonal to all previously obtained eigenfunctions.58

Based on the interface matching method in the preceding
section, the Rayleigh quotient �Eq. �46�� can be rearranged
using integration by parts in both the dielectric and the metal
regions and applying the Bloch condition at the unit cell
boundary to give

R� =
S� + V�

�d�Vd

�
2d� + �Vm


�
2d�
, �47�

where

S� = �
S

�*	 ��

�n



S
da ,

V� = �
Vcell

�
��
2 + k�
2
�
2�d� + �p�

Vm


�
2d� ,

in which Vd and Vm are the volumes of the dielectric and the
metal, respectively, of the unit cell Vcell.

There are two important features implied in the Rayleigh
quotient �Eq. �47��, pertaining to surface plasmon modes.
The first feature is on the existence of surface plasmons.
Appearance of ��� /�n�S in the surface integral term S� pre-
sents the contribution of the field slope discontinuity across
the interface to the eigenfrequency and indicates the exis-
tence or subsistence of surface modes. Regarding the physi-
cal origin of surface plasmons, there should be surface
charges to support electron oscillations in the metal. This
connection is made clear through the transverse �in-plane�
electric field components �recall Eqs. �7� and �9��

E�
TM =

ik�

��/c�2� − k�
2��E� , �48�

E�
TE = −

i��0

��/c�2� − k�
2 ẑ � ��H� , �49�

for TM and TE modes, respectively. The surface charges are
then evaluated by discontinuity of the in-plane electric field
components across �and normal to� the interface,

�TM = �n · E�
TM�S, �50�

�TE = �n · E�
TE�S, �51�

where n is the outward unit vector normal to the interface S.
Concerning either k� =0 or ��E� /�n�S=0 for the in-plane case,
it is evident that �TM=0. On the other hand, �TE�0 even for
k� =0, indicating that surface plasmons exist �and only exist�
for TE modes in the in-plane case. On the other hand, for the
off-plane problems �k��0�, both �TM and �TE are in general
not zero. These charges are sources of surface plasma oscil-
lations for periodic lattices of plasmonic waveguides. The
difference between TM and TE polarizations is that �TE di-
minishes at large k�, while �TM remains to be nonzero, in
view of the different expressions between Eqs. �48� and �49�.

The second feature of the Rayleigh quotient �Eq. �47��
connecting to surface plasmon modes is on the degeneracy.
Recall that the surface integral S� in the Rayleigh quotient
R� contains only normal derivatives. It means that tangential
variations of the field along the interface S do not alter the
value of R�, and not the eigenfrequency either. Therefore,
surface plasmon modes with the same frequency may consist
of as many degenerate modes as possible, with mode struc-
tures that differ between one another only along the surface
tangential direction. In principle, it is supposed to be infinite
degeneracy for surface plasmon modes around the surface
plasma frequency �sp.

20 This point is consistent with similar
arguments for surface plasmon modes in plasmonic
crystals,22 surface phonon modes in polaritonic crystals,30 as
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well as magnetic surface plasmon modes in negative index
crystals.31

IV. CONCLUDING REMARKS

In conclusion, surface plasmon modes for periodic lattices
of plasmonic hole waveguides were solved and analyzed.
The interface matching method was proposed to solve the
apparently nonlinear eigenvalue problem, with the proper
use of the interface condition. Important characteristics of
surface plasmon modes are implied in the interface condi-
tion, in which special features pertaining to off-plane surface
plasmon modes were resolved. For periodic lattices of plas-
monic waveguides, surface plasmon modes occur for both
TE and TM polarizations, and as the off-plane wave number
k� increases, their characteristics begin to interchange. On the
one hand, a large number of static modes ��=0� emerge at
k� =0 for TM polarization. These modes gradually lose their
bulk nature as k� increases and eventually they develop into
surface plasmon modes with frequencies approaching the
surface plasma frequency �sp in the large k� limit. On the
other hand, the in-plane �k� =0� surface plasmon modes for
TE polarization gradually lose their surface nature and grow
into bulk modes as k� increases. At large k�, the dispersion
relations become parallel to the light line ��=k�c� and the
evanescent nature disappears. In addition, a particular TM
optical branch appears for the hole waveguide structures,
which intersects the light line and joins into the TM surface
branches from above. With enough portion of plasmonic ma-
terials, the cutoff frequency of this optical branch is signifi-
cantly higher than �sp and the optical branch may exhibit
substantial negative group velocities. In this situation, the net
power flow through the unit cell along the plasmonic
waveguides was shown to direct in the opposite direction of
the wave vector.
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APPENDIX

In this section, the inhomogeneous waveguide equations
�Eqs. �3� and �4�� used in the present study are derived
following a similar procedure for perfectly conducting
waveguides.39 For time-harmonic electromagnetic fields
�with e−i�t dependence�, the Maxwell equations take the
form

� � E = i���0H , �A1�

� � H = − i���0E , �A2�

� · ���0H� = 0, �A3�

� · ���0E� = 0, �A4�

for source-free problems. Let the waveguide geometry be
constant in shape and size in the z direction and assume that
the fields vary as eik�z along the z axis. It is then useful to
separate the fields into transverse and parallel components

E = E� + E�ẑ , �A5�

H = H� + H�ẑ �A6�

and decompose the gradient as �=��+ ẑ� /�z. By taking
ẑ� on both sides of Eqs. �A1� and �A2�, one can show that

ik�E� + i���0ẑ � H� = ��E� , �A7�

ik�H� − i���0ẑ � E� = ��H� . �A8�

Performing ik�·Eq. �A7� −i���0ẑ�Eq. �A8�, one obtains

E� =
i

�2 �k���E� − ���0ẑ � ��H�� , �A9�

where �2= �� /c�2��−k�
2. Similarly, perform i���0ẑ�Eq.

�A7�+ik�·Eq. �A8� to give

H� =
i

�2 �k���H� + ���0ẑ � ��E�� . �A10�

For TM modes �H� =0� and TE modes �E� =0�, respectively,
Eqs. �A9� and �A10� are simplified to

E� =
ik�

�2 ��E� , �A11�

H� =
ik�

�2 ��H� . �A12�

In the meanwhile, Eqs. �A3� and �A4� are written as

�� · ��E�� + ik��E� = 0, �A13�

�� · ��H�� + ik��H� = 0. �A14�

Inserting Eq. �A11� into Eq. �A13� and Eq. �A12� into Eq.
�A14�, one obtains the waveguide equations in the inhomo-
geneous medium,

�� · � �

�2��E�� + �E� = 0, �A15�

�� · � �

�2��H�� + �H� = 0, �A16�

for TM and TE modes, respectively. For nonmagnetic mate-
rials ��=1�, Eq. �A16� is further simplified to

�� · � 1

�2��H�� + H� = 0, �A17�

with �2= �� /c�2�−k�
2.
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